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ON A LEFSCHETZ-TYPE PHENOMENON FOR ELLIPTIC
CALABI–YAUS
ANDREA CATTANEO AND JAMES FULLWOOD
Abstract. An elliptic fibration admits a birational model referred to as its Weierstrass
model, which is in general singular. In the case that the total space of an elliptic fibration
is a Calabi–Yau manifold, its Hodge numbers coincide with that of a crepant resolution of
its Weierstrass model, which is a hypersurface in a blown up projective bundle which is not
an ample divisor. In such a case, we show for a large class of examples which arise from
constructing F -theory compactifications of string vacua that the upper Hodge diamond of
a crepant resolution of a Weierstrass model coincides with that of the ambient blown up
projective bundle in which it resides, thus exhibiting a ‘Lefschetz-type phenomenon’, despite
the fact that the crepant resolution is not an ample divisor.
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1. Introduction
An elliptic fibration X → B admits a birational model referred to as its Weierstrass model
WX → B, whose total space WX is naturally embedded as a hypersurface in a P
2-bundle
given by a Weierstrass equation
WX : (y
2z = x3 + fxz2 + gz3) ⊂ P(E ), (1)
where E = OB ⊕ L
2 ⊕ L 3, L → B is a line bundle and f and g are sections of tensor
powers of L . By definition, an elliptic fibration X → B admits a section B →֒ X , and the
map from X to its Weierstrass model WX is in this case a morphism, which is obtained by
contracting the irreducible components of singular fibers of X → B not meeting the section
B →֒ X . As such, the total space WX of the Weierstrass model of X is in general singular.
In the case that X is a Calabi–Yau manifold, it may be shown using techniques of non-
archimedian integration that its Hodge numbers coincide with those of a crepant resolution
W˜X → WX (if one exists) [2]. When a crepant resolution of WX is obtained by succesively
blowing up the ambient space P(E ) and then taking the proper transform of WX , we then
have the following diagram
W˜X


//

P˜(E )

WX


// P(E ).
What we show in this note is compelling evidence that, despite W˜X not being an ample divisor
in P˜(E ), the upper Hodge diamond of W˜X coincides with that of P˜(E ), thus admitting a
‘Lefschetz-type phenomenon’. As such, we say a Calabi–Yau elliptic fibration X → B with
X smooth satisfies LTP if and only if
hp,q(W˜X) = h
p,q(P˜(E )) for p+ q < dim(X), (2)
and we show X satisfies LTP in a number of cases. In particular, we show X satisfies LTP
when X is a minimally elliptic surface which is not a product, and we prove X satisfies LTP
in a number of 3- and 4-fold examples which arise in constructing F -theory compactifications
of string vacua. At present, we know of no examples where an elliptic Calabi–Yau X does
not satisfy LTP.
As the LTP condition (2) is purely numerical, it is natural to surmise that the inclusion
W˜X →֒ P˜(E ) induces an isomorpshism of Hodge structures for p+ q < dim(X). However, in
§9 we provide a counterexample to show that this more general statement is false in general.
We suspect that this may be due to the presence of torsion sections in fibrations which admit
non-trivial Mordell–Weil groups. As such, we suspect that LTP may be consequence of the
inclusion inducing an isomorphism of rational Hodge structures. We formulate a precise
conjecture in §9.
While the Weierstrass model WX as given by equation (1) is necessarily a Weierstrass
fibration (i.e., an elliptic fibration globally given by a Weierstrass equation in a P2-bundle of
the form P(OB ⊕L
2⊕L 3), it is not necessarily the case that every Weierstrass fibration is
the Weierstass model of a smooth elliptic fibration. A more general result which would imply
LTP would then be that crepant resolutions of anti-canonical Weierstrass fibrations share
its upper Hodge diamond with that of the blown up projective bundle in which it resides.
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We provide evidence of this more general statement in the case of singular 3-fold Weierstrass
fibrations in §5.
There is in fact a generalization of the Lefschetz hyperplane theorem to line bundles
which are ‘lef’ by de Cataldo and Migliorini [6], but in all examples we consider in this
note O(W˜X) is found not to be lef. Moreover, the Calabi–Yau condition seems to be crucial
for dim(X) > 2, since in such a case we construct in §8 examples of smooth Weierstrass
fibartions over a base of arbitrary dimension not satisfying conditions (2) if the Calabi–Yau
assumption is dropped. For dim(X) = 2 we show that the Calabi–Yau assumption is not in
necessary, as we show any minimally elliptic surface which is not a product satisfies (2).
As the Hodge numbers of a smooth Calabi–Yau elliptic fibration coincide with those of
a crepant resolution of its Weierstrass model, they also coincide with the stringy Hodge
numbers of its Weierstrass model, as the stringy Hodge numbers of a singular variety with
at worst Gorenstein singularities coincide with the Hodge numbers of a crepant resolution
[2]. However, outside of the Hodge number h1,1, we know of no way in which to explicitly
compute the Hodge numbers of crepant resolutions of Weierstrass models. As such, if LTP
is in fact true, one could combine LTP with Hirzebruch–Riemann–Roch to compute the full
Hodge diamond of crepant resolutions of Weierstrass models with ease, which would then
also provide a practical means of explicitly computing the stringy Hodge numbers of singular
Weierstrass fibrations.
Notation and conventions. Given a homolorphic vector bundle E → B over a complex man-
ifold B, P(E )→ B will always be taken to denote the assicated projective bundle of lines in
E , and the tautological line bundle of P(E ) will be denoted by O(−1). Given a line bundle
L → B, its m-th tensor power will be denoted L m → B. The canonical bundle of a variety
X will always be denoted by ωX → X .
Acknowledgements. Andrea Cattaneo is supported by the LABEX MILYON (ANR-10-
LABX-0070) of Universite´ de Lyon, within the program “Investissements d’Avenir” (ANR-
11-IDEX- 0007) operated by the French National Research Agency (ANR) and is member of
GNSAGA of INdAM. Andrea Catteneo would also like to thank the School of Mathematical
Sciences at Shanghai Jiao Tong University for the kind hospitality during September 2018,
where the core of this work was established.
2. Some preliminaries
2.1. Basic definitions. Let B be a complex manifold. A proper, flat, surjective morphism
π : X → B with connected fibers will be referred to as an elliptic fibration if and only if
the generic fiber of π is a smooth curve of genus 1, and the morphism π admits a section
B →֒ X . The singular fibers of an elliptic fibration π : X → B reside over a closed subscheme
∆X →֒ B, referred to as the discriminant of π : X → B. By contracting the irreducible
components of the singular fibers of π : X → B which do not meet the section, we obtain
a birational morphism F : X → WX in the category of B-schemes, so that we have the
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following diagram
X
F
//
pi
  ❆
❆❆
❆❆
❆❆
❆ WX
ϕ
}}③③
③③
③③
③③
B.
The fibration ϕ :WX → B is then referred to as the Weierstrass model of X .
Given an elliptic fibration π : X −→ B, there exists a basic invariant referred to as the
fundamental line bundle of the fibration, which is the line bundle on B given by
L = L (π) =
(
R1π∗OX
)−1
.
It is then possible to show that the Weierstrass model of the elliptic fibration π is naturally
embedded as a hypersurface in the projective bundle P(OB ⊕L
2 ⊕L 3)→ B, given by the
equation
WX : (y
2z = x3 + fxz2 + gz3) ⊂ P(OB ⊕L
2 ⊕L 3). (3)
In the equation forWX , the coefficients f and g are sections of L
4 and L 6 respectively. More
generally, an elliptic fibration ψ : W → B whose total space may be given by a Weierstrass
equation (3) in the P2-bundle P(OB ⊕L
2 ⊕L 3) → B will be referred to as a Weierstrass
fibration. We note that while all Weierstrass models WX are Weierstrass fibrations, there
exist Weierstrass fibrations which are not necessarily Weierstrass models of some smooth
elliptic fibration.
Now suppose the total space X of an elliptic fibration π : X → B is a Calabi–Yau manifold,
i.e., X is a compact Ka¨hler manifold with
ωX = OX , h
0,0 = h0,dim(X) = 1, and h0,p = 0 for 1 < p < dim(X).
Then one can show that the fundamental line bundle of π is in fact the anti-canonical bundle
ω−1B → B, so that WX is a hypersurface in P(E ), where
E = OB ⊕ ω
−2
B ⊕ ω
−3
B . (4)
The Hodge numbers of X then coincide with that of a crepant resolution W˜X → WX , and
if W˜X is obtained by successively blowing up P(E ) and then taking the proper transform of
WX , we have the following diagram
W˜X


//

P˜(E )

WX


// P(E ).
(5)
In such a case, we say the elliptic Calabi–Yau manifold X satisfies a Lefschetz-type phenom-
enon, or LTP for short, if and only if
hp,q(W˜X) = h
p,q(P˜(E )) for p+ q < dim(X).
Now let ψ :W → B be a Weierstrass fibration, and assume the total spaceW is a possibly
singular anti-canonical divisor in P(OB ⊕ L
2 ⊕ L 3). By adjunction one may show W is
an anti-canonial divisor if and only if L = ω−1B , so that W is given by a global Weierstrass
equation in the total space of P(E ) → B, where again E is given by (4) (which constrains
B to be such that ω−2B and ω
−3
B admit global sections). We then say ψ : W → B satisfies a
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Lefschetz-type phenomenon, or LTP for short, if and only if W admits a crepant resolution
W˜ → W such that
hp,q(W˜ ) = hp,q(P˜(E )) for p+ q < dim(W ), (6)
where P˜(E ) denotes the blown up projective bundle in which W˜ is a hypersurface of.
Note that if W is in fact smooth, then it is both its own Weierstrass model and crepant
resolution, so that W satisfies the first version of LTP if and only if W satisfies the version
of LTP just introduced for Weierstrass fibrations. As such, the version of LTP just intro-
duced for Weierstrass fibrations is an extension of LTP for general elliptic Calabi–Yaus to a
class of elliptic fibrations which are singular, namely, the singular anti-canonical Weierstrass
fibrations.
2.2. The Hodge numbers of a blown up projective bundle. As we are concerned with
comparing the Hodge numbers of a crepant resolution W˜ → W of a Weierstrass fibration
with that of the blown up projective bundle P˜(E ) in which it is embedded, we now recall
how the Hodge numbers of P˜(E ) may be computed.
The Hodge numbers of a smooth variety Z are succinctly encoded in its Hodge–Deligne
polynomial EZ(u, v), which is given by
EZ(u, v) =
∑
p,q
(−1)p+qhp,q(Z)upvq.
For example, we have
EPn(u, v) = 1 + uv + (uv)
2 + · · ·+ (uv)n. (7)
Hodge–Deligne polynomials are motivic, which means that the map which takes a variety to
its Hodge–Deligne polynomial factors through the Grothedieck ring of varieties (for singular
varieties, one uses mixed Hodge structures to define its Hodge–Deligne polynomial). As
such, if X ⊂ Z is a closed subvariety with open complement U ⊂ Z, then
EZ(u, v) = EX(u, v) + EU(u, v), (8)
and if Z → B is a Zariski locally trivial fibration with fiber F then
EZ(u, v) = EB(u, v) ·EF (u, v). (9)
Moreover, if Z is smooth and BlWZ → Z denotes the blowup of Z along a smooth subvariety
W of codimension m+ 1, then
EBlWZ(u, v) = EZ(u, v) + (uv + · · ·+ (uv)
m)EW (u, v). (10)
In regards to the LTP diagram (5), by equations (7) and (9) we have
EP(E ) = (1 + uv + (uv)
2)EB(u, v). (11)
It then follows from the blowup formula (10) that the Hodge–Deligne polynomial of P˜(E )
may be computed once we know the Hodge numbers of the centers of the blowups which
yield the map P˜(E ) → P(E ) in the LTP diagram (5), and also the Hodge numbers of the
base of the elliptic fibration X → B associated with diagram (5).
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For example, if X → B is an elliptic fibration with X a Calabi–Yau 4-fold, then the
relevant non-trivial Hodge numbers to consider for the LTP are h1,1(P˜(E )) and h1,2(P˜(E )),
which are then given by
h1,1(P˜(E )) = h1,1(B) + 1 + n, (12)
and
h1,2(P˜(E )) = h1,2(B) + h1,0(X0) + · · ·+ h
1,0(Xn−1), (13)
where n is the number of blowups which yields the map P˜(E )→ P(E ), and Xi−1 is the center
of the ith blowup.
2.3. On the base of an elliptic Calabi–Yau. Let π : X → B be an elliptic fibration with
X a Calabi–Yau manifold. Such an assumption will certainly constrain the geometry of the
base B. For example, it is well known that if X is an elliptic 3-fold then B is necessarily a
rational surface (see [12, Main Theorem]). For elliptic 4-folds we prove the following
Proposition 2.1. Let π : X → B be a smooth Calabi–Yau elliptic 4-fold. Then c1(B)c2(B) =
24.
Proof. Since X is Calabi–Yau, we have
h0,0 − h1,0 + h2,0 − h3,0 + h4,0 = 2,
where hp,q denotes hp,q(X). By Hirzebruch–Riemann–Roch we then have∫
X
td(X) = 2. (14)
Now for any class α ∈ A∗X we have
∫
X
α =
∫
B
π∗α, thus equation (14) implies∫
B
π∗td(X) = 2.
By Theorem A.2 in [8], we have
π∗td(X) = (1− ch(π∗ωX/B)
∨)td(B),
where ωX/B = ωX ⊗ π
∗ω∨B. Now since X is Calabi–Yau, we have ωX = 0, so
π∗ω
∨
X/B = π∗(π
∗ω∨B)
∨ = ωB.
We then have
ch(π∗ω
∨
X/B) = ch(ωB) = e
−c1(B),
so that
π∗td(X) = (1− e
−c1(B))td(B). (15)
For B a 3-fold, the dimension zero component of the RHS of equation (15) is 1
12
c1(B)c2(B),
thus
2 =
∫
B
π∗td(X) =
1
12
c1(B)c2(B) =⇒ c1(B)c2(B) = 24,
as desired. 
Remark 2.2. As equation (15) holds for X of arbitrary dimension, the term of codimension
dim(B) on the RHS of equation (15) set equal to 2 yields a Chern class constraint for any
odd-dimensional B.
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Remark 2.3. Since c1c2 is a birational invariant for 3-folds, the condition
c1(B)c2(B) = 24
is not a particularly strong constraint on B (in particular, all Fano 3-folds satisfy this con-
straint). As such, one can blowup the base of an elliptic 4-fold along a smooth center without
altering the Calabi–Yau condition. Moreover, knowing c1(B)c2(B) = 24 simplifies formulas
for the Euler characteristic of elliptic 4-folds. For example, it is well known (see e.g. [13])
that if π : X → B is a smooth Weierstrass fibration with dim(B) = 3, then
χ(X) = 12c1(B)c2(B) + 360c1(B)
3,
which then simplifies to
χ(X) = 288 + 360c1(B)
3. (16)
We now show that for B of arbitrary dimension we have h0,k(B) = 0 for k = 1, . . . , dimB.
For this, we first prove the following
Lemma 2.4. Let π : X −→ B be a fibration between smooth compact complex manifolds (i.e.,
a surjective morphism with connected fibers). Then h0,k(B) ≤ h0,k(X) for k = 0, . . . , dimX.
Proof. It follows from the Leray spectral sequence that
Hk(X,OX) ≃
k⊕
i=0
H i(B,Rk−iπ∗OX).
Considering the index i = k, the Lemma follows from the fact that π∗OX = OB. 
Corollary 2.5. Let π : X −→ B be a fibration between smooth compact complex manifolds.
If X is a Calabi–Yau manifold, then h0,k(B) = 0 for k = 1, . . . , dimB.
In light of Corollary 2.5, in the case that the total space of π : X → B is embedded as
a hypersurface in a projective bundle p : Z = P(E ) −→ B with E → B a rank 3 vector
bundle, then if n = dim(B) we have (see also [15, Lemma 7.32])
h0,q(B) = 0 for q = 1, . . . , n;
h0,q(Z) = 0 for q = 1, . . . , n+ 2;
hn+2,1(Z) = hn+1,1(Z) = 0;
h1,1(Z) = h1,1(B) + 1;
hn,1(Z) =
{
2 n = 1
0 n ≥ 2.
Furthermore, observe that if we consider the short exact sequence
0 // OZ // ω
−1
Z
// OX ⊗ ω
−1
Z
// 0,
then we can easily compute
hi(X,NX|Z) = h
i(X,OX ⊗ ω
−1
Z ) =
{
h0(Z, ω−1Z )− 1 for i = 0,
hi(Z, ω−1Z ) for i = 1, . . . , n+ 1.
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2.4. Inclusions of Picard groups. Let B be a complex manifold, E → B a rank 3 vector
bundle, and let p : Z = P(E ) → B be the associated projective bundle. From the fact that
p∗OZ = OB we can easily deduce that for any line bundle L ∈ PicB we have π∗π
∗L = L ,
thus showing the injectivity of π∗ : PicB → PicZ.
Proposition 2.6. Assume we have a diagram of smooth manifolds of the form
X 
 i
//
pi
  
❆❆
❆❆
❆❆
❆❆
Z
p
⑦⑦
⑦⑦
⑦⑦
⑦⑦
B
where
(1) π : X −→ B is a genus-1 fibration;
(2) Z = P(E ) for some rank 3 vector bundle over B, and p is the structure map.
Then i∗ : PicZ −→ PicX is injective.
Proof. Consider a line bundle F ∈ ker i∗. As PicZ = p∗ PicB ⊕ Z · OZ(1), there exist
L ∈ PicB and n ∈ Z such that F = p∗L ⊗OZ(n). So we deduce that
OX = i
∗
F = π∗L ⊗ i∗OZ(n) π
∗
L = i∗OZ(−n) L = π∗i
∗
OZ(−n).
Let now P ∈ B be a generic point, and denote by XP the corresponding fibre of π. The fibre
of π∗i
∗OZ(−n) over P is H
0(XP ,OZ(−n)|XP ), and by Riemann–Roch this vector space has
dimension
0 for n ≥ 1,
1 for n = 0,
−3n for n ≤ −1.
Since L is a line bundle, the only possibility is then n = 0. Hence OZ(−n) = OZ and
L = π∗i
∗
OZ = π∗OX = OB, p
∗
L = p∗OB = OZ .
So F = 0 and i∗ is injective. 
2.5. The Shioda–Tate–Wazir formula.
Definition 2.7 (Fibral divisor, [16, Definition 3.3]). LetD be an effective divisor in a smooth
elliptic n-fold π : X −→ B. We say that D is a fibral divisor if π(D) is a divisor in B.
In the case of an elliptic surface π : X −→ B, the Shioda–Tate formula [11, Corollary
VII.2.3] gives a direct link between the rank of the Ne´ron–Severi group of the surface and
the rank of the Mordell–Weil group of rational sections of the fibration, and this relation
also depends on the irreducible fibral divisors not intersecting the zero-section. The precise
formula is then given by
ρ(X) = 2 +
∑
P∈∆
(# {irreducible components of XP} − 1) + rankMW(π).
This formula has been generalized by Wazir to elliptic fibrations over a base of arbitrary
dimension.
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Theorem 2.8 (Shioda–Tate–Wazir formula, cf. [16, Corollary 3.2]). Let π : X −→ B be an
elliptic fibration with X smooth. Then
ρ(X) = ρ(B) + 1 + Γ + rankMW(π), (17)
where Γ is the number of irreducible and reduced fibral divisors of π not intersecting the
zero-section of the fibration.
Observe that formula (17) involves the Picard numbers of both the total space of the
fibration and of the base. In the case where the total space of the fibration is a Calabi–Yau
manifold, we can say something more.
Proposition 2.9 (Shioda–Tate–Wazir formula for Calabi–Yau elliptic fibrations). Let π :
X −→ B be an elliptic fibration with X a Calabi–Yau n-fold with n > 2. Then
h1,1(X) = h1,1(B) + 1 + Γ + rankMW(π), (18)
where Γ is the number of irreducible and reduced fibral divisors of π not intersecting the
zero-section of the fibration.
Proof. Since X is Calabi–Yau, it follows from Corollary 2.5 that
h0,1(X) = h0,2(X) = 0 and h0,1(B) = h0,2(B) = 0.
From the long exact sequence of the exponential sequence of X and B it then follows that
Pic(X) ≃ NS(X) ≃ H2(X,Z) and Pic(B) ≃ NS(B) ≃ H2(B,Z),
and so we deduce that ρ(X) = rankH2(X,Z) = h1,1(X) and similarly for B. The result
then follows from the Shioda–Tate–Wazir formula. 
Remark 2.10. The result in Proposition 2.9 is false for n = 2, even if the Calabi–Yau
condition still holds. In fact it is well known that a K3 surface X has h1,1(X) = 20, while
0 ≤ ρ(X) ≤ 20 and all cases can occur (for elliptically fiberd K3 surfaces, all the cases
with 2 ≤ ρ(X) ≤ 20 occur). The main difference between the case of surfaces and the
higher-dimensional fibrations is that K3 surfaces are the only Calabi–Yau manifolds with
h2,0 6= 0.
2.6. The Lefschetz property after de Cataldo and Migliorini. In the paper [6], De
Cataldo and Migliorini introduced the concept of lef divisors. In particular, they proved
that if D is a lef divisor in a smooth complex projective manifold M , then for D and M the
conclusions of Lefschetz’ Hyperplane Theorem hold (see [6, Proposition 2.1.5]).
In this section, we recall what the definition of lefness is, and then show that in the case
we are examining (where D is an elliptic fibration and M is the blown up projective bundle)
this property does not hold.
Definition 2.11 (Lef divisor, cf. [6, Definition 2.1.3]). We say that a divisor D in a manifold
M is lef if a positive multiple of D is generated by its global sections, and the corresponding
morphism onto the image is semismall, i.e. the map ϕ = ϕ|D| : M −→ M
′ has the property
that there is no irreducible subvariety T ⊆M such that
2 dimT − dimϕ(T ) > dimM.
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Consider now B a Fano manifold, and let E = ω−2B ⊕ ω
−3
B ⊕ OB. Define Z = P(E ) with
structure map p : Z −→ B, we want to show that −KZ is in general not lef (any smooth
anti-canonical divisor in Z is a Calabi–Yau Weierstrass fibration). It is not difficult to see
that ω−1Z = p
∗ω−6B ⊗ OZ(3), hence
ω−nB = p
∗ω−6nB ⊗OB(3n).
Call (x : y : z) the natural coordinates on the fibres of Z, then y is a section of p∗ω−3B ⊗
OZ(1) and so we see that the coefficient of y
3n in an equation for a divisor D ∈ | − nKZ |
must be a section of p∗ω3nB . But
H0(Z, p∗ω3nB ) = H
0(B, ω3nB ) = 0
as ω3nB is anti-ample. This means that if we call s a global section of ω
−n
Z , then the monomial
y3n actually does not appear in an expression of s and so the point (0 : 1 : 0) ∈ ZP annihilates
s for every P ∈ B. This shows that the codimension 2 subvariety of Z defined by y = z = 0
is contained in the base locus of | − nKZ | for every positive n. As a consequence, ω
−n
B is not
globally generated, hence ω−1Z can not be lef.
We now want to see what happens when blow ups are involved. Let W ⊆ Z be a singular
Weierstrass fibration, with W ∈ | −KZ |. Assume we need to blow up a smooth subvariety
C of Z of codimension m + 1 to resolve W , and let b : Z˜ −→ Z be the blow up and E the
exceptional divisor. By the adjunction formula for blow ups we then have
ω−1
Z˜
= b∗ω−1Z ⊗ OZ˜(−mE),
while b∗ω−1Z = b
∗OZ(W ) = OZ˜(W˜ )⊗OZ˜(tE). Here W˜ is the proper transform ofW in Z˜ and
t is the multiplicity of W along C. As we want the induced map W˜ −→ W to be crepant,
this implies that t = m, and so OZ˜(W˜ ) = b
∗ω−1Z ⊗ OZ˜(−mE). As a consequence
H0(Z˜,OZ˜(W˜ )) = H
0(Z, ω−1Z ⊗I
m
C ),
i.e. sections of OZ˜(W˜ ) can be identified with anti-canonical sections of Z which vanish along
C at least of order m. Since x = z = 0 is a component of the base locus of ω−1Z which is
disjoint from the centre C of the blow up, we get that the proper transform of x = z = 0 is
still in the base locus of OZ˜(W˜ ). But then W˜ can not be lef.
3. LTP for elliptic surfaces
Let π : X → B be an elliptic fibration with X a smooth surface, and denote the genus
of the base curve B by g. From here on we will refer to π : X → B simply as a smooth
elliptic surface. In this section we show all smooth minimally elliptic surfaces which are not
products satisfy a Lefschetz-type phenomenon, even without a Calabi–Yau hypothesis.
First of all, we recall that an elliptic surface π : X → B is minimally elliptic if there are no
(−1)-curves in the fibres of π. It is known that every ellitpic surface is birational to a unique
(up to isomorphism) minimally elliptic surface: one has just to blow down the (−1)-curves
in the fibres, if any (cf. [11, Corollary II.1.3]). In any case, this process of minimalization can
change the Weierstrass model of the original fibration. For a simple example, if Y = B ×E
is the product of a curve B with a fixed ellitpic curve E, with zero-section O, and if we let
X be the blow up of Y in the intersection point of O with a fiber, then we obtain an elliptic
surface X → B which is not minimally elliptic, and whose associated minimally elliptic
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surface is Y . As for the Weierstrass models, the Weierstrass model of X is singular (we need
to contract the elliptic curve which is the proper transform of the fibre we have blown up),
while the Weierstrass model of Y is smooth, and it coincides with Y . In fact, more is true,
as given by
Proposition 3.1 (cf. [11, Proposition III.3.2]). Let W → B be a Weierstrass fibration over
a curve B. Then W is the Weierstrass model of a smooth minimally elliptic surface if and
only if it has at worst Du Val singularities.
This fact is extremely important when we want to consider Lefschetz-type phenomena.
The key fact is that a surface singularity which admits a crepant resolution must be a Du
Val singularity. So for our purposes it is not restrictive to assume that the elliptic surfaces
we are dealing with are minimally elliptic.
Remark 3.2. It was proven in [7, Equivalence of characterizations A1 and A4] that Du Val
singularities can equivalently be defined as those surface singularities which can be resolved
just by a sequence of blow ups in distinct points. This will play a crucial role in the proof
of Proposition 3.3.
Proposition 3.3. Let π : X → B be a smooth minimally elliptic surface such that X is not
a product. Then π : X → B satisfies LTP.
Proof. By equation (3), the Weierstrass model WX of π : X → B is a hypersurface in the
3-fold Z = P(OB ⊕L
2⊕L 3), where L → B is the fundamental line bundle of π : X → B.
By Proposition 3.1 and Remark 3.2, WX has at worst Du Val singularities and admits a
minimal resolution W˜X → WX which is crepant, obtained by taking the proper transform of
WX under a sequence of blowups along points in Z. By equation (10) it follows that blowups
of Z along points do not alter h1,0, which is the only relevant Hodge number for LTP in the
case of elliptic surfaces. Moreover, from equation (11) it follows that the Hodge diamond of
Z is given by
1
g g
0 2 0
0 g g 0
0 2 0
g g
1.
Thus π : X → B satisfies LTP if and only if h1,0(X) = g, which is established, e.g., in [11,
Lemma IV.1.1]. 
Remark 3.4 (About products). Observe that if we have an elliptic surface X which is the
product of a curve B and an elliptic curve E, then LTP does not hold. In particular, in such
a case we have L = OB by [11, Lemma III.1.4], and so Z = B × P
2. But then we can use
Ku¨nneth formula (or formula (9)) to compute the Hodge diamonds of X and Z, finding that
h1,0(X) = g + 1 while h1,0(Z) = g. So LTP does not hold in this case.
4. Elliptic fibrations in F -theory
For 3- and 4-folds we will verify LTP for a number of examples which arise in string theory,
which models spacetime byM×R1,9−2n, whereM is a compact manifold of real dimension 2n
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and R1,9−2n is Minkowski space. The compact manifold M provides ‘room’ for the strings to
propagate, and for the sake of satisfying the vacuum Einstein equations and supersymmetry
considerations, M is usually taken to be a Calabi–Yau (complex) n-fold. In such a case, M
is said to be a ‘compactification’ of the associated string theory, or rather, the string theory
is said to be ‘compactified’ on M . As the observable universe appears to us 4-dimensional
(3 space and 1 time dimension), the most realistic models correspond to n = 3, where M is
taken to be a Calabi–Yau 3-fold.
A regime of stringy theory referred to as type-IIB is compactified on a complex n-fold
which we denote by B, and comes with an SL2(Z)-invariant complex scalar field τ : B → C
referred to as the axio-dilaton, which is given by
τ = C(0) + i/gs,
where C(0) is the Ramond-Ramond scalar field and gs is the string coupling parameter which
governs the strength of string interactions. In perturbative type-IIB string theory, τ is taken
to be constant and the compactification manifold B is assumed to be Calabi–Yau in order to
preserve super-symmetry. In its non-perturbative regime, the axio-dilaton τ is assumed to be
a varying complex scalar field over B, and B is then no longer required to be Calabi–Yau as
the non-constant behavior of τ preserves super-symmetry. F -theory is then a geometrization
of non-perturbative type-IIB, as the SL2(Z)-invariant, non-constant complex scalar field τ is
then identified with the complex structure parameter of an actual family of elliptic curves,
varying over the complex n-fold B according to the behavior of the axio-dilaton τ [14]. This
geometric viewpoint of non-perturbative type-IIB is then encapsulated in an elliptic fibration
π : X → B, whose total space X is a Calabi–Yau (n+ 1)-fold.
In F -theory, the singular fibers of the elliptic fibration π : X → B play a crucial role in
determining the underlying physics associated with π, and moreover, singular Weierstrass
fibrations (and crepant resolutions thereof) are an indispensable tool for constructing non-
abelian guage theories. In particular, starting from a Weierstrass fibration
W : (y2z = x3 + Fxz2 +Gz3) ⊂ P(OB ⊕ ω
−2
B ⊕ ω
−3
B ),
one may make a linear change of coordinates to put the fibration in Tate form, so that W is
then given by
W : (y2z + a1xyz + a3yz
2 = x3 + a2x
2z + a4xz
2 + a6z
3) ⊂ P(OB ⊕ ω
−2
B ⊕ ω
−3
B ), (19)
where ai is a regular section of ω
−i
B . The ai are then related to F and G by the equations
F =
−1
48
(b22 − 24b4), G =
−1
864
(36b2b4 − b
3
2 − 216b6),
where
b2 = a
2
1 + 4a2, b4 = a1a3 + 2a4, and b6 = a
2
3 + 4a6.
One may then employ Tate’s algorithm to prescribe that the coefficients ai vanish to certain
orders along a divisor S ⊂ B in such a way that a particular singular fiber fW will appear
over S upon a resolution of singularities W˜ → W . The total space W of the fibration will
then be singular along {x = y = s = 0} ⊂ P(OB⊕ω
−2
B ⊕ω
−3
B ), where s is a regular section of
O(S). The dual graph of fW is then an affine Dynkin diagram associated with a Lie algebra
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g. The gauge group GW associated with W is then given by
GW =
exp(g∨)
MWtor(ψ)
× U(1)rkMW(ψ),
where ψ : W → B is the associated projection to B, and MW(ψ) denotes the Mordell–Weil
group of rational sections of ψ (whose torsion subgroup is denoted MWtor(ψ)). We note
that it is possible for two distinct Weierstrass fibrations W → B and W ′ → B with distinct
fW and fW ′ to give rise to the same gauge group, so that it is not necessarily the case that
GW 6= GW ′.
In §5, we use crepant resolutions of such Weierstrass fibrations as a testing ground for
verifying LTP for singular Weierstrass fibrations over a rational surface (as given by (6)). In
the 3-fold case, the only relevant Hodge number for LTP is h1,1, thus only the Shioda–Tate–
Wazir formula for Calabi–Yau ellliptic fibrations (18) will be needed for the verification of
LTP.
Elliptic fibrations not in Weierstrass form have also been useful in F -theory for construct-
ing examples of fibrations with various configurations of singular fibers, including configu-
rations which include fibers not appearing in Kodaira’s classification of singular fibers for
elliptic surfaces [1][8][4]. For example, starting with a non-Weierstrass equation for an elliptic
curve in P2, such as
x3 + y3 = dxyz + exz2 + fyz2 + gz3,
one may promote the scalar coefficients to sections of line bundles over a complex manifold
B in such a way that that the equation then defines a hypersurface in a P2-bundle of the
form P(OB ⊕ ω
−a
B ⊕ ω
−b
B ) → B. Such non-Weierstrass equations then provide a number of
examples of elliptic fibrations with diverse fiber structures, and will also serve as a testing
ground for LTP in both the 3- and 4-fold cases in §6
5. LTP for some singular 3-folds
We now introduce examples of singular Weierstrass 3-folds which arise in constructing
non-abelian gauge theories in F -theory, and verify that they satisfy LTP (as given by (6)).
In the 3-fold case, the only relevant Hodge number for LTP is h1,1, so if W˜ → W is a
crepant resolution of a singular 3-fold Weierstrass fibrationW → B withW an anti-canonical
hypersurface in P(E ), and P˜(E ) is the blown up projective bundle in which W˜ resides, then
by equation (12) we have
h1,1(P˜(E )) = h1,1(B) + 1 + n,
where n is the number of blowups of P(E ) required for the crepant resolution W˜ → W . Now
by the Shioda–Tate–Wazir formula (18) we have
h1,1(W˜ ) = h1,1(B) + 1 + Γ + rank(MW(π)),
where we recall Γ denotes the number of irreducible and reduced fibral divisors not meeting
the section of π : W˜ → B. As such, a singular 3-fold Weierstrass fibration W → B satisfies
LTP if and only if
n = Γ + rank(MW(π)).
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In all the singular Weierstrass fibrations we will consider, rank(MW(π)) = 0, thus all we
need for the verification of LTP in the cases we consider is that n = Γ, or rather, that each
blowup introduces a new fibral divisor which doesn’t meet the section of π : W˜ → B.
5.1. The fibrations under consideration. Let B be a rational surface and let S ⊂ B be
a smooth divisor. The equations of the Weierstrass fibrations we consider are all in Tate
form, as given by (19). We consider 14 distinct families of singular Weierstrass fibrations,
whose explicit equations are given in Table 1. In each case, x is a section of O(1) ⊗ ω−2B ,
y is a section of O(1)⊗ ω−3B , z is a section of OB, ai is a section of ω
−i
B , ai,k is a section of
ω−iB ⊗ O(−kS), and s is a section of O(S), so that W corresponds to the zero-scheme of a
section of O(3)⊗ ω−6B , where O(−1) is the tautological bundle of P(OB ⊕ ω
−2
B ⊕ ω
−3
B ). In all
cases, we find
h1,1(W˜ ) = h1,1(B) + n + 1, (20)
where W˜ → W is a crepant resolution obtained from n blowups of P(OB ⊕ ω
−2
B ⊕ ω
−3
B )
along smooth centers. As h1,1 of the blown up projective bundle coincides with the RHS of
equation (20) by (12), all such fibrations satisfy LTP.
W GW
y2z = x3 + a4,1sxz
2 + a6,2s
2z3 SU(2)
y2z + a3,1syz
2 = x3 + a4,2s
2xz2 + a6,3s
3z3 SU(3)
y2z + a1xyz = x
3 + a2,1sx
2z + a4,2s
2xz2 + a6,4s
4z3 SU(4)
y2z + a1xyz + a3,2s
2yz2 = x3 + a2,1sx
2z + a4,3s
3xz2 + a6,5s
5z3 SU(5)
y2z = x3 + a2x
2z + a4,3s
3xz2 + a6,5s
5z3 USp(4)
y2z = x3 + a2x
2z + sxz2 SO(3)
y2z = x3 + a2x
2z + s2xz2 SO(5)
y2z + a1xyz = x
3 + sx2z + s2xz2 SO(6)
y2z = x3 + a2,1sx
2z + a4,2s
2xz2 + a6,4s
4z3 Spin(7)
y2z = x3 + a4,2s
2xz2 + a6,3s
3z3 G2
y2z = x3 + a4,3s
3xz2 + a6,4s
4z3 F4
y2z + a3,2s
2yz2 = x3 + a4,3s
3xz2 + a6,5s
5z3 E6
y2z = x3 + a4,3s
3xz2 + a6,5s
5z3 E7
y2z = x3 + a4,4s
4xz2 + a6,5s
5z3 E8
Table 1. Equations for the Weierstrass fibrations we consider along with the
associated gauge groups.
5.2. Explicit verification of LTP in the SO(5) case. Let E = OB ⊕ ω
−2
B ⊕ ω
−3
B , and
consider the singular fibration W defined by y2z = x3 + a2x
2z + s2xz2 in P(E ), which is the
SO(5) fibration in Table 1. In such a case O(S) = ω2B, so that s is a generic section of ω
2
B,
distinct from a2. The discriminant of W is given by
∆ : (s4(a2 − 2s)(a2 + 2s) = 0) ⊂ B
thus we expect to find in a resolution nodal cubics over the curves a2−2s = 0 and a2+2s = 0,
and fibres of Kodaira type I4 over S, which we recall is given by s = 0. We assume that a2
and s are chosen generically, so that they define smooth curves intersecting transversally.
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The singular locus of W is then given by x = y = s = 0, which is a smooth curve
isomorphic to S. By the genus formula we have
2g(S)− 2 = S(KB + S) =⇒ g(S) = K
2
B + 1.
So we have to blow up the ambient space in this curve and take the proper transform of
the threefold W . In doing so, we have ‘added’ to W a new irreducible divisor, which can be
described as follows. Fiber-wise we are adding two rational curves, meeting at a point which
is still singular for the threefold. As a consequence, in order to resolve the singularities we
have to blow up again a curve in the ambient space which is still isomorphic to S. After this
second blow up, we obtain a smooth manifold, which is a crepant resolution of W˜ →W .
Observe now that by (12) we have that the Hodge number h1,1 of the blown up ambient
space is given by h1,1(B) + 3. As such, W satisfies LTP if and only if h1,1(W˜ ) = h1,1(B) + 3.
For this, we use the Shioda–Tate–Wazir formula for elliptic Calabi–Yaus (Proposition 2.9).
As each of the two blowups introduce a single fibral divisor not meeting the section, and the
fact that the Mordell–Weil group of this fibration is known to be Z/2Z, we have h1,1(W˜ ) =
h1,1(B) + 3, as desired.
Remark 5.1. Since the base surface B is rational, it follows from Noether’s formula that
h1,1(B) = 10−K2B, thus
h1,1(W˜ ) = 13−K2B,
which shows an inaccuracy in [9, Table 11], which lists h1,1(W˜ ) as 14−K2B.
6. LTP for some smooth 3- and 4-folds
In this section, we introduce 3 families of Calabi–Yau elliptic fibrations which are con-
structed by starting with an equation of an elliptic curve in P2, and then promoting its
scalar coefficients to line bundles over a complex manifold B of arbitrary dimension. We
then show that when the base B is of dimension 2 or 3, the associated elliptic 3- and 4-folds
satisfy LTP (in the 4-fold case we require that the base is a toric Fano 3-fold). We also con-
sider an elliptic Calabi–Yau 4-fold obtained via the Borcea–Voisin construction, and show
that such a fibration satisfies LTP as well.
6.1. The fibrations under consideration. Let B be a complex manifold, E = OB ⊕
ω−2B ⊕ ω
−3
B , P(E ) → B be the associated projective bundle (which we recall will always
be taken to be the projective bundle of lines in E ), and let x, y and z denote regular
sections of O(1) ⊗ ω−2B , O(1) ⊗ ω
−3
B and O(1) respectfully, where O(1) denotes the dual of
the tautological bundle on P(E ). We then let W be a smooth Weierstrass fibration, so that
W is the hypersurface in P(E ) corresponding to the equation
W : (y2z = x3 + fxz2 + gz3) ⊂ P(E ), (21)
where f and g are sections of ω−4B and ω
−6
B respectfully. To ensure that W is smooth, we
make the assumption that the hypersurfaces in B given by f = 0 and g = 0 are both smooth
and intersect transversally, or in other words, that {f = 0} ∪ {g = 0} is a normal crossing
divisor with smooth irreducible components.
Now let E = OB ⊕ ω
−1
B ⊕ ω
−2
B , and let X be the hypersurface in P(E ) given by
X : (y2z − 2x2y + c2x
2z + c3xz
2 + c4z
3 = 0) ⊂ P(E ). (22)
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In the equation for X , x, y and z are regular sections of O(1)⊗ ω−1B , O(1)⊗ ω
−2
B and O(1)
respectfully, and ci is a regular section of ω
−i
B . To ensureX is smooth we assume
⋃4
i=2{ci = 0}
is a normal crossing divisor with smooth irreducible components.
Now let E = OB ⊕ ω
−1
B ⊕ ω
−1
B , and let Y be the hypersurface in P(E ) given by
Y : (x3 + y3 = b1xyz + b2xz
2 + e2yz
2 + b3z
3) ⊂ P(E ). (23)
In the equation for Y , x, y and z are regular sections of O(1)⊗ ω−1B , O(1)⊗ ω
−1
B and O(1)
respectfully, bi is a regular section of ω
−i
B and e2 is a section of ω
−2
B . To ensure Y is smooth
we assume
⋃3
i=1{bi = 0} ∪ {e2 = 0} is a normal crossing divisor with smooth irreducible
components.
For B of dimension n, each of W , X , and Y is a Calabi–Yau (n+ 1)-fold, and the bundle
projection P(E )→ B restricted to each of W , X and Y endows them with the structure of
an elliptic fibration.
Remark 6.1. In the case thatB is a rational surface, it was shown in [10] that the topological
Euler characteristic of W , X and Y coincides with −2C(G)c1(B)
2, where C(G) is the dual
Coxeter number of the exceptional Lie groups G = E8, E7, E6 for the W , X and Y cases
respectively. As such, W , X and Y are often referred to respectfully as the E8, E7 and E6
families of elliptic fibrations, which is terminology we will also use as well. We note however
that these fibrations are not in any way related the singular Weierstrass fibrations introduced
in §5 whose associated gauge groups are E6, E7 or E8.
While W , X and Y are all defined over a base B of arbitrary dimension, the next elliptic
fibration we consider is an explicit 4-fold construction, introduced in [5]. For this, let S1 and
S2 be two K3 surfaces, such that
(1) S1 admits an elliptic fibration π : S1 −→ P
1;
(2) S2 is a double covering of a del Pezzo surface.
Both surfaces admit a natural involution. The surface S1 has the hyperelliptic involution
ι1, while S2 has the covering involution ι2. The elliptic Calabi–Yau 4-fold Z → P
2 × P1
constructed by the Borcea–Voisin method from S1 and S2 is then the crepant resolution
of the singular quotient (S1 × S2)/(ι1 × ι2). We will refer to this elliptic fibration as the
Borcea–Voisin 4-fold.
6.2. LTP in the E8 case. LetW → B be an E8 fibration as given by (21). As E8 fibrations
are smooth Weierstrass fibrations they are their own Weierstrass models, and since they are
smooth, they satisfy LTP if and only if
hp,q(W ) = hp,q(P(E )) for p+ q < dim(W ).
Since the Mordell–Weil rank of a smooth Weierstrass fibration is 0 and the singular fibers
of W → B are irreducible, for dimension of B greater than 1 it follows from Proposition 2.9
that
h1,1(W ) = h1,1(B) + 1.
Moreover, from equation (11) we have
h1,1(P(E )) = h1,1(B) + 1,
so we have a match at the level of h1,1 in all dimensions. In particular, W satisfies LTP
when W is a 3-fold, i.e., when B is a rational surface. For the 4-fold case, we also need
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to consider h1,2. For this, we consider when B is a toric Fano 3-fold, which are the toric
varieties corresponding to the fans in R3 spanned by
(1) (e1, e2, e3,−e1 − e2 − e3),
(2) (e1, e2, e3,−e1 − e2,−e3),
(3) (e1, e2, e3,−e2,−e1 − e2 − e3),
(4) (e1, e2, e3,−e2,−e1 − e2 − e3),
(5) (e1, e2, e3,−e1 − e2 − e3,−e1 − e3),
(6) (e1, e2, e3,−e1,−e2,−e3),
(7) (e1, e2, e3,−e1 − e3,−e2 − e3,−e3),
(8) (e1, e2, e3,−e1 − e3, e3 − e2,−e3)
(9) (e1, e2, e3,−e2, e2 − e1,−e3),
(10) (e1, e2, e3,−e1 − e3, e1 − e2,−e3),
(11) (e1, e2, e3, e3 − e2,−e2,−e1 − e2 − e3),
(12) (e1, e2, e3, e3 − e2,−e1 − e3,−e2),
(13) (e1, e2, e3, e2 − e1,−e2, e1 − e2,−e3),
(14) (e1, e2, e3, e2 − e1,−e2, e1 − e2, e1 − e2 − e3),
(15) (e1, e2, e3, e2 − e1,−e2, e1 − e2,−e2 − e3),
(16) (e1, e2, e3, e2 − e1,−e2, e1 − e2, e1 − e3),
(17) (e1, e2, e3,−e1,−e2,−e3, e1 − e2, e2 − e1),
(18) (e1, e2, e3, e2 − e1,−e1,−e2, e1 − e2,−e1 − e3),
where (e1, e2, e3) is the standard basis of R
3. For example, (1) corresponds to P3, (2) cor-
responds to P1 × P2, (3) corresponds to P(OP2 ⊕ OP2(1)), and (4) corresponds to P(OP2 ⊕
OP2(2)). In such a case, one may use toric methods to compute h
1,2(W ). It turns out
h1,2(W ) = h1,2(B) = 0 in all cases. From equation (13) we have h1,2(P(E )) = h1,2(B), thus
h1,2(W ) = h1,2(P(E )) = 0 in all cases, thus W satisfies LTP for B a toric Fano 3-fold.
We now want to illustrate how one can use toric geometry to compute the Hodge numbers
in the case of a 4-fold elliptic fibration. For expository reasons, we will make the explicit
computation in the case where we are dealing with a smooth Weierstrass fibration W over
P3, anti-canonically embedded in Z = P(ω−2P3 ⊕ ω
−3
P3 ⊕ OP3).
Our first observation is that
h1,q(W ) = hq(W,Ω1W ) = h
4−q(W,TW )
by Serre duality with trivial canonical bundle. To compute those last numbers, we want to
use the exact sequence of the normal bundle:
0 −→ TW −→ TZ |W −→ NW |Z −→ 0.
Hence we need to compute hi(W,TZ |W ) and h
i(W,NW |Z).
After tensoring the exact sequence defining OW
0 −→ OZ(KZ) −→ OZ −→ OW −→ 0 (24)
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by OZ(−KZ) = ω
−1
Z , we have
0 −→ OZ −→ ω
−1
Z −→ OW (W ) −→ 0
and so we can compute the Hodge numbers hi(W,OW (W )) = h
i(W,NW |Z). The numbers
hi(Z, ω−1Z ) can in fact be computed by toric methods, as explained e.g. in [3]. The result is
h0(W,OW (W )) = 4550, h
i(W,OW (W )) = 0 for i = 1, 2, 3, 4.
Call Dj the torus invariant divisors in Z, then we can use the exact sequence
0 −→ OZ(KZ −Dj) −→ OZ(KZ) −→ ODj(KZ) −→ 0
to compute hi(Dj,ODj(KZ)). From the knowledge of these numbers, we can tensor the exact
sequence (which is peculiar of toric manifolds)
0 −→ Ω1Z −→ Z
5 ⊗ OZ −→
⊕
j
ODj −→ 0
by ωZ , and compute the numbers h
i(Z,Ω1Z⊗ωZ) = h
5−i(Z, TZ). Finally, we tensor the exact
sequence (24) by TZ , and using the fact that h
i(Z, TZ ⊗ ωZ) = h
5−i(Z,Ω1Z) we can compute
hi(W,TZ |W ).
After these computations, we obtain
h1,1(W ) = 2, h1,3(W ) = 3878, h1,q(W ) = 0 for i = 0, 2, 4.
Finally, from the knowledge of the Euler characteristic of W (which is 23328, according to
16), we can deduce that h2,2(W ) = 15564.
6.3. LTP in the E7 case. Let X → B be an E7 fibration as given by (22), and denote the
projective bundle in which it is embedded by π : P(E )→ B. We recall that the equation for
X is given by
X : (y2z − 2x2y + c2x
2z + c3xz
2 + c4z
3 = 0) ⊂ P(E ).
We see directly from the equation for X that there are two natural sections σ0 : B → X and
σ1 : B → X given by
σ0(b) = (0 : 1 : 0) ∈ π
−1(b) and σ1(b) = (1 : 0 : 0) ∈ π
−1(b).
Over a generic point of the discriminant an E7 fibration, the singular fiber is a nodal cubic
which enhances to a cuspidal cubic in codimension 1 of the discriminant. As both these
singular fibers are irreducible, it follows from the Shioda–Tate–Wazir formula (17) that they
do not contribute to h1,1(X). Moreover, since the Mordell–Weil rank of an E7 fibration is
generically 1, it follows from the Shioda–Tate–Wazir formula that
h1,1(X) = h1,1(B) + 2.
In the case that B is one of the toric Fano 3-folds whose fans were given in §6.2, toric methods
may be used to show h1,2(X) = h1,2(B) = 0.
The Weierstrass model of X (with σ0 as zero-section) is given by
WX :
(
t2u = s3 −
(
1
3
c22 − 4c4
)
su2 +
(
c23 −
2
27
c32 +
8
3
c2c4
)
u3
)
⊂ P(E ),
and the map to the Weierstrass model is explicitly given by
(s : t : u) = (6xy − c2xz : −3c3xz − 6y
2 − 6c4z
2 : 3xz). (25)
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The Weierstrass model WX admits a section σ : B → WX , corresponding to σ1, given by
b 7→ (s : t : u) = (2c2 : −3c3 : 3) ∈ π
−1(b),
whose image σ(B) may be given by the equations
σ(B) : (t+ c3u = 3s− 2c2u = 0) ⊂ P(E ).
Blowing up P(E ) along σ(B) and then taking the proper transform then yields a crepant
resolution W˜X → WX . As such, by formula (10) we have
E
P˜(E )
(u, v) = EP(E )(u, v) + uvEB(u, v),
and since EP(E )(u, v) = (1 + uv + (uv)
2)EB(u, v), we then have
E
P˜(E )
(u, v) = (1 + 2uv + (uv)2)EB(u, v),
where P˜(E ) denotes the blowup of P(E ) along σ(B). It then follows that
hp,q(P˜(E )) = hp,q(B) + 2hp−1,q−1(B) + hp−2,q−2(B).
In particular, we have
h1,1(P˜(E )) = h1,1(B) + 2 = h1,1(X), and h1,2(P˜(E )) = h1,2(B) + 2h0,1(B),
and since h0,1(B) = 0 by Corollary 2.5, it follows h1,2(P˜(E )) = h1,2(B) = h1,2(X). As such,
we have that E7 fibrations satisfy LTP in both the 3- and 4-fold cases. We note that while
the 3-fold E7 fibrations satisfy LTP over an arbitrary rational surface, we have only verified
the 4-fold case over toric Fano 3-folds, since in such a case toric methods may be used to
compute h1,2(X).
6.4. LTP in the E6 case. Let Y → B be an E6 fibration as given by (22), and denote the
projective bundle in which it is embedded by π : P(E )→ B. We recall that the equation for
Y is given by
Y : (x3 + y3 = b1xyz + b2xz
2 + e2yz
2 + b3z
3) ⊂ P(E ).
The reducible fibers of E6 fibrations appear over loci of codimension greater than one in B,
thus singular fibers of E6 fibrations do not contribute to h
1,1. And since the Mordell–Weil
rank of E6 fibrations is 2, by the Shioda–Tate–Wazir formula (17) we then have
h1,1(Y ) = h1,1(B) + 3. (26)
As in the case of E8 and E7 fibrations, when B a toric Fano 3-fold, toric methods may be
used to show h1,2(Y ) = h1,2(B) = 0.
An E6 fibration admits 3 natural sections σi : B → Y , given by
σi(b) = (−ζ
i
3 : 1 : 0) ∈ π
−1(b), i = 0, 1, 2,
where ζ3 = e
2pii
3 . To investigate the nature of the singularities of the Weierstrass model of an
E6 fibration, we first analyze the singular fiber structure of E6 fibrations following [1, §2.2].
As such, we first consider the locus
∆ρQ :
{
e2 = ρb2
b3 =
1
27
b1(9ρ
2b2 − b
2
1)
ρ3 = 1,
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ρ = 1 ρ = ζ3 ρ = ζ
2
3
σ0 line conic conic
σ1 conic line conic
σ2 conic conic line
Table 2. How the sections σi meet the I2 fibres in E6 fibrations.
ρ = 1 ρ = ζ3 ρ = ζ
2
3
Σ1 X X No
Σ2 X No X
Table 3. Which component of Singρ is contained in Σi?
over which the fibres of the fibration have equation
I2 :
(
x+ ρy +
1
3
ρ2b1z
)(
x2 − ρxy −
1
3
ρ2b1xz + ρ
2y2 −
1
3
b1yz +
(
1
9
ρb21 − b2
)
z2
)
= 0,
which is (generically) the union of a line and a conic. We then have that generically over
∆ρQ, the sections σi meet the fiber in either the line or the conic according to Table 2.
The map to the Weierstrass model contracts the component of these fibers which does
not intersect S0 = σ0(B), and the corresponding points are then singular points of the
Weierstrass model. It is then possible to see that the singular locus of the Weierstrass model
has three irreducible components (one for each choice of ρ), with equations
Singρ :


f = ρe
g = 1
27
d(9ρ2e− d2)
t = 0
s+ d2(d2 − 4ρ2e) = 0
ρ3 = 1.
It is a locus of codimension 3 in the Weierstrass model, and we observe that the irreducible
components Singρ are contained in the sections Σ1 and Σ2 according to Table 3.
We can then resolve the singularities of the Weierstrass model of an E6 fibration as follows.
Call Σi the image of Si = σi(B) in the Weierstrass model, for i = 0, 1, 2. First, we choose
a section between Σ1 and Σ2, say Σ1, and blow up the ambient space along it. Then we
consider the proper transform of the Weierstrass fibration and we observe that we have no
more singular points over ∆1Q and ∆
ζ3
Q . The only singular points are then over ∆
ζ2
3
Q , and lie
on the proper transform of Σ2. This proper transform is no longer isomorphic to the base B,
rather it is possible to show that it is the blow up of B with centre in e−f = d3−9de+27g = 0.
After blowing up this manifold in the ambient space, the proper transform of the fibration
is smooth.
To sum up, we start with the ambient space Z0 = P(E ), and blow up a codimension 2
submanifold isomorphic to B. Then in the new ambient space Z1, we blow up a codimension
2 submanifold isomorphic to the blow up B˜ → B in a codimension 2 submanifold C, and we
get the ambient space Z2 where the resolution of the Weierstrass model lives. We then have
hp,q(Z2) = h
p,q(B) + 3hp−1,q−1(B) + hp−2,q−2(B) + hp−2,q−2(C).
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As such, it follows
h1,1(Z2) = h
1,1(B) + 3 = h1,1(Y ),
so that we have a match at the level of h1,1 over a base of arbitrary dimension. In particular,
E6 fibrations satisfy LTP in the 3-fold case. As for h
1,2, we have
h1,2(Z2) = h
1,2(B) + h1,0(B).
And since we know by Corollary 2.5 that h1,0(B) = 0, in the 4-fold case E6 fibrations satisfy
LTP if and only if h1,2(Z2) = h
1,2(B). In particular, if B is a toric Fano 3-fold, toric methods
may be used to show
h1,2(Y ) = h1,2(Z2) = h
1,2(B) = 0,
thus E6 4-folds satisfy LTP in the case that the base is a toric Fano 3-fold.
6.5. LTP for the Borcea–Voisin 4-fold. Let Z → P2 × P1 be the Borcea–Voisin 4-fold.
We consider the case where the two K3 surfaces S1 and S2 are generic, in the sense that the
elliptic fibration on S1 has only nodes or cusps as singular fibres (say n singular fibres of
type II and 24− 2n of type I1), while S2 is the double cover of P
2 branched along a smooth
sextic. For the verification of LTP we first need the following
Proposition 6.2. Let X be the fourfold of Borcea–Voisin type constructed from an elliptic
K3 surface with n singular fibres of type II and 24− 2n of type I1 and a double cover of P
2
branched along a smooth sextic. Then
h1,1(X) = 5, h2,1(X) = 30, h2,2(X) = 552, and h3,1(X) = 137.
Proof. The proof is the same as the one of [5, Proposition 4.2]. The only difference concerns
the computation of the genus of the trisection T of the order-2 points in S1, but this can be
easily obtained using Riemann–Hurwitz formula from the fact that T is the 3 : 1 covering of
P1 which is ramified over 24 − 2n points with multiplicity 2 and n points with multiplicity
3, and so g(T ) = 10. 
We now verify LTP for the Borcea–Voisin 4-fold Z → P2 × P1. The Weierstrass model of
Z is given by
WZ : (y
2z = x3 + (Af 2)xz2 + (Bf 3)z3) ⊂ P(OP2×P1 ⊕ ω
−2
P2×P1 ⊕ ω
−3
P2×P1),
where f = 0 is the sextic curve C ⊂ P2 which is the branch locus of S2 → P
2, and A
and B are such that the Weierstrass model of S1 → P
1 is given by s2t = u3 + Aut2 + Bt3,
and for the sake of constructing a crepant resolution of WZ we make the assumption that
2∂B/B 6= 3∂A/A. From here on, we denote OP2×P1 ⊕ ω
−2
P2×P1 ⊕ ω
−3
P2×P1 by E .
The Weierstrass model WZ is singular along the smooth surface S ⊂ P(E ) given by
x = y = f = 0, and we now construct an explicit crepant resolution W˜Z → WZ . For this,
we first blowup P(E ) along S, and we call denote by (X1 : X2 : F ) the coordinates in the
exceptional divisor of the blow up. In the chart X2 = 1, we have x = X1y and f = Fy, so
that the exceptional divisor is given by y = 0, and the proper transform of WZ is given by
1 = y(X31 + AF
2X1 +BF
3),
thus the exceptional divisor and the proper transform are disjoint. In the chart X1 = 1, we
have y = X2x and f = Fx, thus the exceptional divisor is given by x = 0 and the proper
transform of WZ is given by
X22 = x(1 + AF
2 +BF 3).
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The proper transform of WZ is then singular along x = X2 = 1 + AF
2 + BF 3 = 0. In the
chart F = 1, we have x = X1f y = X2f , so that the exceptional divisor is given by f = 0
and the proper transform of WZ is given by
X22 = f(X
3
1 + AX1 +B),
which is singular along the surface
T : (f = X2 = X
3
1 + AX1 +B = 0) ⊂ P˜(E ).
Observe that this description of the singular locus patches with the one in the previous
chart. Since in the previous chart there is no singular point contained in F = 0, we see
that the whole singular locus is described in this chart. The previous assumption that
2∂B/B 6= 3∂A/A assures that T is in fact smooth, and moreover, the blowup of P˜(E ) along
T yields a crepant resolution ofWZ by taking its proper transform through the two blowups.
Denote the blowup of P˜(E ) along T by Z2. By formulas (12) and (13) we then have
h1,1(Z2) = h
1,1(P2 × P1) + 3 = 5,
and
h1,2(Z2) = h
1,2(P2 × P1) + h1,0(S) + h1,0(T ) = h1,0(S) + h1,0(T ),
since h1,2(P2 × P1) = 0. We then have a match at the level of h1,1, thus the Borcea–Voisin
4-fold satisfies LTP if and only if h1,0(S) + h1,0(T ) = 30.
Now the surface S is isomorphic to C×P1 (where we recall C is a smooth sextic curve of in
P2), and since C is of genus h1,0(C) = 10, it then follows from equation (9) that h1,0(S) = 10.
As for the surface T , we note that this surface is isomorphic to the product of C with the
3 : 1 cover of P1 with n ramification points with multiplicity 3 and 24 − 2n ramification
points with multiplicity 2, which by the Riemann-Hurwitz formula is a curve of genus 10. It
then follows that h1,0(T ) = 10 + 10 = 20, thus
h1,2(Z2) = 10 + 20 = 30,
so that indeed, Z satisfies LTP.
7. Hodge number formulas for E8, E7 and E6 4-folds
Let ϕ : Y → B be an elliptic Calabi–Yau 4-fold of type E8, E7, or E6, and assume that B
is a toric Fano 3-fold. We denote hp,q(Y ) simply by hp,q. We then have
h1,1 = h1,1(B) + 1 + n, (27)
where n is the number of blowups needed for a crepant resolution of its Weierstrass model.
We also have
h1,2 = h1,2(Z0) = h
1,2(B) = 0, (28)
where we recall Z0 = P(OB ⊕ ω
−2
B ⊕ ω
−3
B ). By Hirzebruch -Riemann-Roch we have
χ(Y )
6
= 8 + h1,1 + h1,3 − h1,2 = 9 + h1,1(B) + n + h1,3,
where the second equation follows from equations (27) and (28). In [10], it was shown
χ(Y ) = 12c1(B)c2(B) + aY c1(B)
3,
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where aY = 360, 144, 72 in the E8, E7, and E6 cases respectively. By Proposition 2.1 we
have c1(B)c2(B) = 24, thus
χ(Y )
6
= 48 +
aY
6
c1(B)
3,
which yields
h1,3 = 39 +
aY
6
c1(B)
3 − h1,1(B)− n. (29)
It also follows from Hirzebruch–Riemann–Roch that
h2,2 = 44 + 4h1,1 + 4h1,3 − 2h1,2,
thus
h2,2 = 44 + 4h1,1 + 4h1,3
= 44 + 4(h1,1(B) + 1 + n) + 4
(
39 +
aY
6
c1(B)
3 − h1,1(B)− n
)
= 204 +
2
3
aY c1(B)
3.
Such formulas can then be used to compute the non-trivial Hodge numbers for fibrations
of type E8, E7 and E6 when the base is, for example, P
3, P2×P3, P(OP2(1)⊕OP2), P(OP2(2)⊕
OP2). The results are summarized in Table 4.
Base P3 P2 × P1 P(OP2(1)⊕ OP2) P(OP2(2)⊕ OP2)
E8
h1,1 = 2
h3,1 = 3878
h2,2 = 15564
h1,1 = 3
h3,1 = 3277
h2,2 = 13164
h1,1 = 3
h3,1 = 3397
h2,2 = 13644
h1,1 = 3
h3,1 = 3757
h2,2 = 15084
E7
h1,1 = 3
h3,1 = 1573
h2,2 = 6348
h1,1 = 4
h3,1 = 1332
h2,2 = 5388
h1,1 = 4
h3,1 = 1380
h2,2 = 5580
h1,1 = 4
h3,1 = 1524
h2,2 = 6156
E6
h1,1 = 4
h3,1 = 804
h2,2 = 3276
h1,1 = 5
h3,1 = 683
h2,2 = 2796
h1,1 = 5
h3,1 = 707
h2,2 = 2892
h1,1 = 5
h3,1 = 779
h2,2 = 3180
Table 4. The non-trivial Hodge numbers for some fibrations over toric bases.
8. LTP and the Calabi–Yau condition
In this section we show that if we drop the Calabi–Yau condition on the total space of the
elliptic fibration, then the Lefschetz-type phenomenon can fail to hold.
Let W → P1 be the smooth elliptic K3 surface given by
W : (T 2U = S3 + αSU2 + βU3) ⊂ P(OP1 ⊕ OP1(4)⊕ OP1(6)), (30)
and let X → P1 × Pn be the elliptic fibration whose total space X is the cartesian product
of W with Pn for n > 0. It then follows that X → P1×Pn is a smooth Weierstrass fibration,
whose equation is given by
X : (y2z = x3 + αxz2 + βz3) ⊂ P(L ⊗2 ⊕L ⊗3 ⊕ OB),
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where L = OB(2, 0). From the adjuntion formula one may deduce that the KX is non-
trivial, so that X is not Calabi–Yau. As X is a product and Z = P(L ⊗2 ⊕L ⊗3 ⊕ OB) is
a P2-bundle, we can easily compute the Hodge diamonds of X and Z. In particular, at the
level of h1,1 we have
h1,1(X) = 21, and h1,1(Z) = 3,
thus the Lefschetz-type phenomenon does not hold for X inside of Z.
9. LTP conjectures
We now formulate two conjectures, which we will refer to as the ‘LTP-weak conjecture’
and the ‘LTP-strong conjecture’. A positive answer to the latter would imply a positive
answer to the former.
The common setting of these two conjectures is as follows. Let B be a smooth compact
manifold, and let W be a Weierstrass fibration in Z = P(OB ⊕ ω
−2
B ⊕ ω
−3
B ). Let W˜ → W be
a crepant resolution of W , obtained by a sequence of blowups of Z in smooth centers and
then taking the proper transform of W . We then have the following ‘LTP’ diagram
W˜



// Z˜

W 

// Z,
(31)
where Z˜ is the blown up ambient space.
Conjecture 9.1 (LTP-weak conjecture). In the context of diagram (31), we have
hp,q(W˜ ) = hp,q(Z˜) for p+ q < dimW.
We note that Conjecture 9.1 is a purely numerical statement, as it makes no claim that
the map between the Hodge structures of W˜ and Z˜ induced by the inclusion W˜ →֒ Z˜ is an
isomorphism. In fact, we now provide a counter example which shows that this more general
statement is false in general.
Example 9.2. Let W˜ → P2 be the smooth elliptic fibration whose total space is the crepant
resolution of the SO(5) fibration as given in Section 5.2. Denote by σ its distinguisged
section, and denote σ(P2) simply by O. As pointed out in [9], the Mordell–Weil group of
this fibration is Z/2Z, thus there exists a rational section τ of order two. From the group
homomorphism
MW(W˜ ) −→ NS(W˜ )
s 7−→ s(P2)−O,
we deduce that there exists in NS(W˜ ) a class of order 2, namely τ(P2) − O. As W˜ is a
Calabi–Yau manifold, we have NS(W˜ ) ≃ H2(W˜ ,Z), so that H2(W˜ ,Z) admits torsion. But
H2(Z˜,Z) is torsion-free, thus it can not be isomorphic to H2(X˜,Z).
In light of Example 9.2, we then formulate the following stronger form of Conjecture 9.1.
Conjecture 9.3 (LTP-strong conjecture). The inclusion i : W˜ →֒ Z˜ induces an isomor-
phism of rational Hodge structures i∗ : Hk(Z˜,Q) −→ Hk(W˜ ,Q) for k < dimW .
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